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Abstract 

The Isgur-Wise functions for the ground state to ground state 
semileptonic decays involving h ^ c transitions are calculated from 
the (modified) MIT bag model. It is checked that the results for the 
decays B DlV and B — > D*lV agree well with experiment. Predic- 
tions for the decays A;, — > KJ/u., Bg — > DslV and Bs — > D*lV are given 
and discussed. 

1 Introduction 

According to the heavy quark paradigm a hadron containing one heavy quark 
consists of the heavy quark almost immobile at the centre of the hadron 
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and of a light component surrounding it. In general the light component is 
very complicated. In the valence quark approximation, however, the light 
component of a meson is a light (anti) quark and the light component of a 
baryon is a light diquark. This picture, familiar from the nonrelativistic quark 
model, cf. e.g. 0], can be derived in a model independent way from QCD, 
when the mass of the heavy quark mq tends to infinity 0. Therefore, each 
good model retaining its validity in the limit mg —>■ oo should be possible to 
interpret as the heavy quark picture modified by some finite mass corrections. 

One of us (M.S.) extending and updating ealier work @|, p has 
discussed from this point of view the predictions of a suitably modified MIT 
bag model for the mass spectra of mesons and baryons containing heavy 
quarks ||^ . In the present paper we discuss some semileptonic decays, where 
the b quark goes over into a c quark and an Iv pair. Our main result is that 
the bag model gives very reasonable Isgur-Wise functions. For the decays 
B — » DlV and B D*lV (in the following denoted together B D^*Hv ) 
these results can be directly compared with experiment and the agreement is 
very satisfactory. We also give predictions for the related decay Bg — > D'fHv. 
For the decays Aj, KJ/u we find that the Isgur-Wise function is much 
steeper than for B decays and consequently we predict that the fraction of 
the decays A^, XJ/u, where Xg = is smaller than the corresponding 
fraction for the decays B — > D^*hv in spite of kinematical factors working 
in the opposite direction. Moreover, we derive a new, restrictive and almost 
model-independent lower bound for the parameters related to the Isgur- 
Wise functions. Finally, we comment on the implications of our analysis for 
rare decays like B K*'y. 



2 Decays HJi^ in the heavy quark hmit 

The standard formula for the width of the decay of hadron Hi, into hadron 
He and an Iv pair can be written in the form 

dr \phc 



The momentum of He is calculated in the Hb rest frame and the square of 
the absolute value of the invariant amplitude is averaged over the angular 
distribution of H^. in the H^ rest frame and of the lepton in the W rest frame. 



2 



We define = Pi + so that the lu rest frame can be referred to as the 
q = frame. The invariant amplitude can be written in the form 

M = ^^u,ni - 7')t;, < H,\J^\H, > (2) 

We choose the 2;-axis in the q = frame along the momentum of Hb as seen 
in this frame. In the q = frame, neglecting the masses of the leptons, the 
time-component of the leptonic current vanishes and the space components 
are 



2ue^Vi, = —2\J q^{i sin 0/ + cos 9i cos 0^, —i cos (j)i + cos 9i sin 0/, — sin 9i) (3) 

In the heavy quark limit (further quoted HQET) the hadron current can 
be expressed by the quark current and the Isgur-Wise functions. The formula 
[HI reads 



< Hc\J^\Hb >— ^ < JnbU ^'-i 7^) ^b\JHb, ^Hb > 



< JHclA\]j^Ac\JHcAHc> y ^ ""^ ^c7/^(l - 7^)^&6(^) (4) 

Here < . . . | . . . > are ordinary Clebsch Gordan coefficients, Jhqi is the an- 
gular momentum of the light component of hadron Hq in the Hq rest frame 
and A is its (conserved) projection on the z-axis chosen in the Hb rest frame 
along the direction of the Hf. momentum. The Isgur-Wise functions ^x{oj) 
are, except for a trivial kinematical factor, overlap functions of the light com- 
ponent of Hi, at rest with the light component of H^. moving with the Lorentz 
factor uj in the +z direction 



= \ — —r < ^Hdl^Hbi > (5) 

V + 1 

Since the Isgur-Wise function depends only on the light components, it does 
not depend on the spin Jhq- For instance, it is the same for both decays 
B D^*hv. 

The number of independent Isgur-Wise functions for a given decay is 
reduced by the identity M 
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a(^) = VmVHc{-iy"^-'"'^~x{oo) (6) 

where riHQ is the internal parity of the hght component of hadron Hq . 
The quark current in the Hh rest frame is 



V + i 

In this formula: Vc = \vc\. Here and in the following by velocity we always 
mean the fourvector velocity v'^ = / m. The quark spinors are ~ ^ q ^ 

for helicity +1/2 and ~ {^\^ helicty —1/2. The object = (1, —a). 

Substituting this current into formula (H) and contracting the result with the 
lepton current transformed to the Hh rest frame: 



ua''{l - 'j^)v^ = 2{q^ sin 9i,^Jq^{i sin (f)i + cos 6'/ cos 

\f(f{-i cos (pi + cos 6 1 sin (pi), qo sin 6 1) (8) 

one finds from (0) the invariant amplitude and from (|I|) the decay width. 
For further reference we quote the results for the decay B — > DW: 

dV _ Gl\Vcb\^\pD\^ {ruB + mp)^ ^2^^.^ 
dq^ 24:71^ AmBrrij:) 2 

for B D*lV (the subscripts of F refer to the helicities of D*): 



dq^ 487r^ rriB 2 

dTo Gp\Vcb\'^\pD*\mD* , n2/ , i\2^2 



q\uJTVD*){uJ + l)m^) (10) 

2 

(mB-mBO'(^ + l)'dH (11) 



dg^ 9677^ TUB 

and for A;, AjTy (averaged over the initial helicity): 



- -[3ujq +2mA,mA,{uj - l)J(u; + 1)4 1 (cu) (12) 



dq"^ ASir^ rriA^ 
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The bar over ^ in the last formula serves as a remainder that this Isgur-Wise 
function is different from that in the preceding formulae. For the correspond- 
ing decays involving b transitions the only modification in the formulae 
is that the sign of Vc should be changed. 

According to custom, we have put everywhere particle masses for the 
quark masses. The difference being of order 0{mQ) is formally negligible at 
leading order of HQET, but numerically it may be quite important. With 
obvious changes these formulae can be also applied to related decays like 

It is seen that the only unknown factors in these formulae are the Isgur- 
Wise functions ^. Even they drop out from expressions for ratios of decay 
widths of a given decay into various helicity states at given g^. For instance 
for the decay B — >■ D*lV the polarization coefficient a is related to 

[dq' ^ dq^)' dq^ ^ + 1 gL. ^ ^ 

where the maximum square of the momentum transer q^^x = {^b — n^'D*)'^, 
while the asymmetry parameter Aff, is 



3 /dr+ rfr_\ /rfr+ dVo dr\_ sg^ 

~ 4 l^d^" d^j / ['d^^d^^'d^J ~ 4g2t;^. + (cu + 

(14) 

In practice, however, in order to compare these formulae with experiment 
one has to average over with weights taking into account the experimenal 
cut offs. This again requires a knowledge of the Isgur-Wise functions. 



3 The Isgur-Wise functions 

The calculation of the Isgur-Wise functions ^x{uj) reduces to the calculation 
of the overlaps < ^hciI^hm >■ In the present paper we consider only the 
so-called ground state to ground state transitions, where ^(1) = 1 Q. Starting 
from a model reliable for small recoil velocities, one can either argue that the 
recoils occuring in the semileptonic 6 — >• c decays are small (cf. e.g. 0), or 
determine the parameter in the expansion 

^In the following we suppress the subscript A, since this leads to no confusion 
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i[u) = l~p\u-l) + 0{{u^-lf) (15) 

and use some plausible functional form to continue ^{oj) (cf. e.g. ||l|). A 
formula particularly convenient for calculations is 

auj)=exp[-p\uj-l)] (16) 



but many other formulae have been suggested [T^, |]TT|, |T^, [|T3l, [[T 



[ITB]. The values of p proposed in the literature range from ^ [ffH] to infinity 
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For given data the best depends strongly on the functional form 
chosen for .^(ti;). Thus e.g. ARGUS from its data finds [O values from 1.17 



to 2.31 depending on the choice of the function. 

We discuss the Isgur-Wise functions from the point of view of the (mod- 
ified) MIT bag model , but some of our conclusions are more general than 
the model. Let us note first that the overlap should be a decreasing function 
of oj. Thus 



e(^)< 



UJ+l 



1 - 



1 



+ 0{{uj-lf) 



(17) 



This bound has been pointed out by de Rafael and Taron [|1^ . The implica- 



tion that p > 7 is known as the Bjorken limit |TB 



The calculations in the framework of the MIT bag model depend on the 
reference frame chosen. We choose the (modified |l^) Breit frame, where 
the velocities of Hb and He are equal and opposite. The velocity of He will 
be denoted v and its Lorentz factor 7. Let us note the kinematical identities 



7 = \/l + V 



(18) 



In the Breit frame the overlap function for mesons has the form 



<^Hci\^mi>= f ^HL^\0,x))S\v)Si-vMLzliO,x))d'x (19) 

JCB 

Here 

<l>(t,f) = (^{x)exp{-iEqt) (20) 
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is the wave function of the hght component in its rest frame and Eq is the 
energy of the hght quark. For the ground state to ground state transitions, 
which we are considering, these functions for Hi, and He are identical, thus 
we omit the subscripts. Choosing the 2;-axis along the vector v, we have the 
Lorentz transformations 

LlliO, x) = {tvz, X, y, 72;) (21) 

The wave functions relevant for the overlap integral are at t = in the Breit 
frame and not at t = in the rest frames of the particles. For v this 
will introduce oscillating factors into the integrand and reduce the overlap. 
The factors S{±v) are Lorentz boosts. We only need to know that they are 
real. Thus S'^{v) = S{v) = S~^{—v) and the two boost factors cancel. In 
the calculation of the normalization integral for a bag moving with velocity 
V, the corresponding factor S'^{v)S{v) 7^ 1 cancels the effect of the Lorentz 
contraction of the bag. The absence of this term gives a further reduction 
of the overlap for 7^ 1. The integration is over the Lorentz - contracted 
bag CB, which is an ellipsoid with semiaxes of length R in the directions 
perpendicular to the z-axis and of length R/j along the z-axis. Rescaling 
the z-variable by a factor 7 we may rewrite the overlap as an integral over a 
spherical bag B of radius R 

< ^Hcil^mi >= 7"' / ^HxMx)e^'^^~'^^'d'x (22) 

A baryon differs from the meson in that it has two light quarks in the 
light componenet. Therefore, its overlap function is just the square of the 
overlap (E^). 



Since the integral in (|2^) is a decreasing function of v, we find the in- 
equality 

e(^)<\/^ =l-^(^-l) + 0((c.-l)^) (23) 

where = 1 for mesons and = 2 for baryons. The corresponding limits 
on 

o l+N 

> —r- (24) 
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are already of practical interest. E.g. Blok and Sliifman |^ from a particu- 
larly careful analysis of sum rules obtain for the B meson = 0.65 ± 0.15, 
just above our limit. 

In order to calculate from the full formula for the overlap, it is enough 
to consider terms up to second order in velocity. Using the spherical sym- 
metry of the ground state one obtains 



/ = ^ + InE^, <r'> (25) 



In the bag model the product < r > is a slowly increasing function of 



the dimensionless variable mgR. We show it in Fig. 1. Using the model it is 
possible to express the bag radius R by the masses of the quarks constituting 
the light component. The resulting dependence of on the quark mass(es) 
is shown in Fig. 2 for three cases: for mesons the variable is the mass of the 
light quark, for barions with two light quarks of equal mass like Ac or the 
variable is the mass of either quark, for baryons with one zero mass quark 
and one strange quark the variable is the mass of the strange quark. Using 
the figure it is possible to find the bag model prediction for corresponding 
to the ground state of any particle with exactly one heavy quark. For the 
decays B — > D^*^lV and A;, — > AJ'P we have rrig = 0, which corresponds to 



p| = 1.239 (26) 
pI = 2.228 (27) 

For the decays Bs D'fHv we use = 0.291, which yields 

Pk = 1-625 (28) 

An exact evaluation of the overlap integral for finite u — 1 yields a result, 
which is very well approximated by the function deduced from a study of 
sum rules by Neubert |]T3[. The error of this approximation for 1 < < 3 is 
less than 1 per cent. Thus, we use for B D^*Ht7 

and consequently for A?, KclV 
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(\^) - (^) (30) 
For Bs D^*Ht7 we find similarly 

^ (;^) (31) 

with an error below two per cent for 1 < u < 3. 

A comparison of our function ^^{uj) with the recent ARGUS data is show 
in Fig. 3. As a by-product of this comparison we obtain the element of the 
Cabibbo-Kobayashi-Masakawa matrix: Vet = 0.0420^(rB/1.29ps). The of 
this fit is 7.0 for 7 degrees of freedom, which is very satisfactory. As a further 
check we have calculated the branching ratios for the decays B — > D^*Hv. 
The results obtained using Vch = 0.043 from are 



BR{B Dlv) = 1.80{tb/1.29ps)% (32) 
BR(B^D*lv) = 5A6{tb/1.29ps)% (33) 

to be comapred with the experimental results (averaged over the charges 
of the decaying B) (1.7 ± 0.4)% and (4.8 ± 0.6)%. 
We predict moreover 



BR(Bs^DJu) = 1.51{tbJ1.29ps)% (34) 
BR(B,^ D^*Hv) = 4.95{tbJ1.29ps)% (35) 
BR{Ab^AJV) = 6.09(rA,/1.29j9s)% (36) 

For these decays one can as yet make no comparison with experiment. The- 
oretical predictions, on the other hand, are ambiguous. Thus, Jenkins et 
al. conclude from chiral perturbation theory that the ratio C,^^{uj)/C,^{u!) 
should be an increasing function of u ||2^. The bag model gives the opposite 
prediction. The bag model predicts that the function ^^{w) decreses with in- 
creasing u much faster than the function ^^(cj). A similar prediction is made 



by Konig et al [22| from a calculation of overlaps in the infinite momentum 



frame. On the other hand, models based on meson exchange |]Tl|,|2lI] sug- 



gest that the Isgur-Wise functions for the two cases should be similar. A 
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steeper Isgur-Wise function means that the ground state to ground state 
semileptonic decays are a smaller fraction of all the semileptonic decays of 
the parent particle. Experimental data should soon shed some light on these 
questions. 

Let us note finally that the function C,^{uj) can be also used to get a 



crude estimate of the branching ratio for rare decays like B K*'y [24 



m 



Our function is significantly smaller than the function used in ref. |24 
the region relevant for the 6 — c transitions. For the B K* transition, 
however, which corresponds to 3, the two functions coincide. Thus we 



support the results from ref. [E4 



4 Conclusions 

The (modified) MIT bag model gives plausible predictions for the Isgur- 
Wise functions corresponding to the groud state to ground state transitions. 
Several results seem more general than the model used: 

• The parameter should satisfy inequality (|23|) , which is stronger than 
the Bjorken inequality p 



The Isgur-Wise functions for baryons should be much steeper functions 
of uj than the corresponding functions for mesons. For corresponding 
mesons and baryons the relation between the parameters is plaryon — 

'^Pmeson 0.25. 

The Isgur-Wise function for the decays Bg D^*Hv should be some- 
what steeper than those for the decays B D'^*Hv. With the quark 
mass increasing from about zero to m^, the slight decrease of the radius 
pointed out in is in our approach more than compensated by the 



increase of the quark energy. 

Also the observation that the Isgur-Wise function for B — >■ D^*Hv from the 
present analysis is almost identical with the function obtained by Neubert 
1^ from sum rules, may mean that our results are more general than the 



model used to derive them. 

The calculation is the most reliable for small recoil velocities, but we 
find plausible results for all recoils of interest. This is analogous to the 
analysis in the framework of the nonrelativistic quark model as presented in 



10 



ref. [|I|. There, however, the Isgur-Wise functions obtained seem to be too 
flat. The original result ~ 0.3 is multiplied by two in order to get a more 
reasonable u dependence We explain this fact as a result of two factors: 
In the nonrelativistic calculation the boosts, which contribute 0.25 to p^, are 
absent. Moreover, the quark energy Eq is replaced by the constituent quark 
mass, which is smaller. 

The overall agreement of our results with the little data available is good, 
but there are hints that we may be overestimating the branching ratio for the 
decay B D*lV. If experiment supports this, it would be a confirmation of 
the analysis of Amundson and Rosner E^, who find that the 0{l/mQ) and 



the QCD corrections cancel for the decay B Dlu, while the negative QCD 
correction dominates for B D*W. 
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